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Abstract

Pulsatile flow of a two-phase model for blood flow through arterial stenosis is analyzed through a mathematical
analysis. The effects ofpulsatility, stenosis, peripheral layer and non-Newtonian behavior ofblood, assuming the blood
in the core region as a Herschel-Bulkley fluid and the plasma in the peripheral layer as a Newtonian fluid, are discussed.
A perturbation method is used to solve the resulting system of non-linear quasi-steady differential equations. The
expressions for velocity, wall shear stress, plug core radius, flow rate and resistance to flow are obtained. It is noticed
that the plug core radius and resistance to flow increase as the stenosis size increases while all other parameters held
constant. The wall shear stress increases with the increase ofyield stress while keeping other parameters as invariables.
It is observed that the velocity increases with the axial distance in the stenosed region of the tube upto the maximum
projection of the stenosis.
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1. Introduction

Blood flow characteristics in arteries can be altered
significantly by arterial disease, such as stenosis and
aneurysm. The development of arteriosclerosis in
blood vessels is quite common which may be
attributed to the accumulation of lipids in the arterial
wall or pathological changes in the tissue structure
(Liepsch et aI., 1992). Arteries are narrowed by the
development of atherosclerotic plaques that protrude
into the lumen, resulting in stenosed arteries. When an
obstruction is developed in an artery, one of the most
serious consequences is the increased resistance and
the associated reduction of the blood flow to the
particular vascular bed supplied by the artery. Thus,
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the presence of a stenosis can lead to the senous
circulatory disorder.

Recently several theoretical and experimental in­
vestigations have been perfonned to study the blood
flow characteristics due to the presence of a stenosis
in the arterial lumen of a blood vessel (Sankar and
Hemalatha, 2006; MandaI, 2005; Marshall, 2004;
Moayeri and Zendehbudi, 2003; Liu et aI., 2004;
Bakirtas and Antar, 2003; Long et aI., 2001; Segers
and Verdonck, 2000). Since, the blood flow through
narrow arteries is highly pulsatile, more attempts have
been made to study the pulsatile flow of blood
treating blood as a Newtonian fluid (Long et aI.,
2001; Dash et aI., 1999; Moayeri and Zendehbudi,
2003; Liu et aI., 2004; Chakravarthy and MandaI,
2000). The Newtonian behavior may be true in larger
arteries, but, blood, being a suspension of cells in
plasma, exhibits non-Newtonian behavior at low
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2. Mathematical formulation

Consider an axially symmetric, laminar, pulsatile
and fully developed flow of blood (assumed to be
incompressible) in the z: (axial) direction through a
circular artery with an axially symmetric mild
stenosis. It is assumed that the walls of the artery are
rigid and the blood is represented by a two-fluid
model with a core region of suspension of all ery­
throcytes as a Herschel-Bulkley fluid and a peripheral
layer of plasma as a Newtonian fluid. The geometry
of the arterial stenosis is shown in Fig. 1. We have
used the cylindrical polar coordinates (r,¢,Z:) .It can
be shown that the radial velocity is negligibly small
and can be neglected for a low Reynolds number flow
in a tube with mild stenosis. In this case, the basic
momentum equations goveming the flow and the
constitutive equations in non-dimensional form are

Herschel-Bulkley fluid models. However, the velocity
profiles in the arterioles whose diameters less than
0.0650 mm do not conform to the Casson fluid model,
but, can still be explained by the Herschel-Bulkley
model". Since, the Herschel-Bulkley fluid model can
be reduced to the Newtonian fluid model, power law
fluid model and Bingham fluid model for appropriate
values of the power law index (n) and yield index
( Ty ), it is possible to study the two-phase fluid
models of power law fluid, Bingham fluid and New­
tonian fluid from the present analysis. Furthermore,
Herschel-Bulkley fluid's constitutive equation has
one more parameter namely the power law index (n)
than the Casson fluid, one can obtain more detailed
information about the flow characteristics by treating
the fluid in the core region as a Herschel-Bulkley
fluid rather than Casson fluid (Iida, 1978). Hence, we
felt that it is appropriate to represent the fluid in the
core region of the two-fluid model by the Herschel­
Bulkley fluid model rather than the Casson fluid
model.

Thus, in this paper, we study a two-phase model for
blood flow through narrow arteries (of diameter 0.02
mm-O.l mm) with mild stenosed at low shear
rates (r< 10/sec) treating the fluid in the core region
as a Herschel-Bulkley fluid and the plasma in the
peripheral region as a Newtonian fluid.

shear rates (r< lO/sec) in small diameter arteries
(0.02 mm-O.l mm), particularly, in diseased state, the
actual flow is distinctly pulsatile (Sankar and Hema­
latha, 2006; Liu et aI., 2004; Chaturani and Po=a­
lagar Samy, 1986). Several researchers have analyzed
the non-Newtonian behavior and pulsatile flow of
blood through stenosed arteries (Sankar and Hema­
latha, 2006; MandaI, 2005; Tu and Deville, 1996;
Chaturani andPo=alagar Samy, 1985; 1986).

Bugliarello and Sevilla (1970) and Cokelet (1972)
have reported that for blood flowing through narrow
blood vessels, there is a peripheral layer of plasma
(Newtonian fluid) and a core region of suspension of
all the red cells as a non-Newtonian fluid. Their ex­
perimentally measured velocity profiles in the narrow
arteries confirm the impossibility of representing the
velocity distribution by a single-fluid model which
ignores the presence of the peripheral layer that plays
a crucial role in determining the flow patterns of the
system. Thus, for a realistic description of blood flow,
perhaps, it is more appropriate to treat blood as a two­
fluid model. Several researchers have studied the two­
phase models for blood flow through stenosed arteries
treating the fluid in the core region as a non­
Newtonian fluid and the fluid in the peripheral layer
as a Newtonian fluid (Srivastava and Saxena, 1994;
Srivastava, 1996; Pralhad and Schultz, 1988; Shukla
et aI., 1980a, 1980b). Srivastava and Saxena (1994)
have studied a two-phase model for blood flow
through stenosed arteries assuming the fluid in the
core region as a Casson fluid and the plasma in the
peripheral layer as a Newtonian fluid. In the present
model, we study a two-phase model for pulsatile flow
of blood through stenosed narrow arteries (of dia­
meterO.02-0.lmm) at low shear rates (r<lO/sec),
assuming the fluid in the core region as a Herschel­
Bulkley (H-B) fluid while the fluid in the peripheral
region as a Newtonian fluid.

The suspension of all the erythrocytes in the core
region of the blood flow behaves like a non-New­
tonian fluid (Srivastava and Saxena, 1994). Kapur
(1992) reported that Herschel-Bulkley and Casson
fluid models are suitable to represent blood when it
flows through narrow arteries at low shear rates.
Chaturani and Po=alagar Samy (1985) have men­
tioned for tube diameter 0.095 mm, blood behaves
like Herschel-Bulkley fluid rather than power law and
Bingham fluids. Iida (1978) reports "The velocity
profiles in the arterioles having diameter less than 0.1
mm are generally explained fairly by the Casson and

a H
2 aUH = 4q(z )/(t)-~~(rTH)at r ar

if 0:0; r :0; Rj ( Z )

(1)
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dimensionless form) is given by

t-----'"-------"------'-----'------"----+--_z

Hersch€l-Bulkley fluid

j3 in the normal artery region

j3 - ; [1 + cos ~~ ( z - d - ~ )]

inds,zs,d+Lo

(8)

The non-dimensional volume flow rate Q is given
by

Fig. 1. Two-phase model for the blood flow through a ste­
nosed artery.

R(z)

Q=4 f u(r,z,t)rdr
o

(9)

where .f(t) = 1 + A sin t; UH and UN are the fluid
velocities in the core region and in the peripheral
region, respectively; TH and TN are the shear stresses
for the Herschel-Bulkley fluid and Newtonian fluid
respectively; aH and aN are the pulsatile Reynolds
numbers of the Herschel-Bulkley fluid and New­
tonian fluid, respectively. The boundary conditions (in
dimensionless form) are

The following non-dimensional variables are used
to get Eqs. (l)~9).

a/ d;; =4q(Z)f(t)-~:r (rrN)

if R, (z ) s, r s, R (z )

TH=~_2-dUH +8 ifTH28andR s,rs,R,(z)
2 ~ P

dUH .-- = 0 If TH s, 8 and 0 s, r s, R
dr P

TN=_2- dUN
if R,(z)s,rs,R(z)

2 dr

(2)

(3)

(4)

(5) (10)

The geometry of the stenosis in the core region (in

The geometry of the stenosis in the peripheral
region (in dimensionless form) is given by

.. dUHTHIS tillite and -- = 0 at r = 0 ,
dr

UN =0 at r=R(z)

TH=TN, UH=UN at r=R,(z) (6)

where R(:z) is the radius of the artery in the
stenosed peripheral region, R~ is the radius of the
normal artery, L~ is the length of the stenosis, d'
indicates its location and ;Sp is the maximum height
of the stenosis in the peripheral region such that
[ ;Sp /~ ] « 1, RJz) is the radius of the artery in
the stenosed core region, fJ is the ratio of the central
core radius to the normal artery radius, fJRo is the
radius of the core region of the normal artery,;Sc is
the maximum heig,ht of the stenosis in the core region
such that [;Sc / RoJ«1; Tyis the yield stress; e is
the non-dimensional yield stress; PH' PN are the
densities of the Herschel-Bulkley fluid and
Newtonian fluid; Jio = JiH (2/CiiZor' is the
typical viscosity coefficient having the dimension as

(7)

in the normal artery region

R(z) =
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that of the Newtonian fluid's viscosity, (fo is the
negative of the pressure gradient in the normal artery;
Q is the volume flow rate.

On solving the Eqs. (12) and (13) for the unknowns
uOp, UI p, UOH, UIH, r Op, rIp "roH, qH, UON, UIN, "roN and
qN, using Eq. (14), one can obtain,

3. Method of solution

When we non-dimensionalize the constItutIve
equations, a~ and a~ occur naturally and these are
time dependent and hence, it is more appropriate to
expand the Eqs. (1)~5) in perturbation series about
a~ and a~. Let us expand up in powers of
CH(=a~) asbelow

Up(Z,t)=UOp(Z't)+CHUIP(Z't)+.......... (11)

rOp = q(z)/(t)Rop ' TOH = q(z)/(t)r,

TON = q(z )1 (t) r (15)

UOH = q(z)1 (t)R2{I- Q2} + 2[q(z)1 (t)R,]" x

R, [(1/(n + I)){I- \lfn+!} - ( {I - \lfn }] (17)

(19)

Similarly, one can expand UH, UN, Tp, TH, TN, Rp in
powers ofcH and aN(=a~) (where cH« 1 and
cN « 1). Substituting the perturbation series
expansions in Eqs. (1) and (3) and then equating the
constant terms and cH terms, the resulting
differential equations of the core region can be
obtained as

UOp = q(z)f(t)R2{I-Q2}+ 2[q(z)f(t)R,J X

R, [(1/(n + I) ){1-1'"+'}- ( {I-Ip"}] (18)

~'P = -(l/4)~q(Z)f(t)BR3()"{1-Q2}-[q(z)f(t)l\J x

BR/ [(n/2(n+ 1))( - ((n2-I)/2)(2
-(n/2(n+I))(n+2J

(12)

:r (rrOH ) = 2q (Z ) f (t) r, d;~H = -~ :r (rrlH )

dU OH "-l[ ]--- = 2rOH rOH - n() ,
dr

OU'H n-2 [ ( ) ]---=2n~OH ~'H ~OH - n-I Bor

~'H =-(1/4)q(z)f(t)BR3S'{I- Q2} - [q(z )f(t)R,J x

BR,2 [(n/(n +I)(n +3)){((n +3)/2) \If _\lfn+2} (20)

-((n -I )/n +2)({((n +2)/2) \If - \If"+'}

-(3(n2+2n-2)/2(n+2)(n+3))("+3J.,]

. dUop dU,p
Top and TIp are fimte, - = 0, and - = 0 at r = 0

dr dr

Using the perturbation series expansions in Eq. (6)
then equating the constant terms and cHand CN

terms, one can get

Similarly, using the perturbation series expansions
in Eqs. (2) and (5) and then equating the constant
terms and cN terms, one can obtain the resulting
differential equations of the peripheral region as

(22)

(21)

T'N = -q(z)/ (t)BR2R, x

[(1/4) \If - (1/8)Q2J., - (1/8 )Q2\1f3 ]

-[q(z)f(t)R,J BR,2 X

[(n/2(n + 3)),1- (n( n -1)/2(n + 2) )(,1

_(3(n2 +2n-2)/2(n+2)(n+3))(n+3,1]

U'N =-2q(z)/(t)BR3R, x

[(1/8)lJ{l- S'2} - (1/8)Q31og V- (1/32)lJ{l- S'4}]

- [q( Z )f(t)R,J BR/ logY' x

[(n/2(n + 3)) - (n(n -1)/2(n + 2))(

_(3(n2 +2n-2)/2(n+2)(n+3))(n+3]

(13)_ dU ON - 2
- TON'dr

U ON = 0, UlN = °at r = R (14)

U'H =-2q(z)f(t)BR3R,x

[(3/32)lJ - (1/8)Q + (1/32)Q3 + (l/8)Q31og Q]
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(23)

where k2 =rl TOp=B = Rap = e/[q( z) f (t)] , B=[Iij{t)]
d.f(t)/dt, ~ = (rfR), V/= (r/R1), Q = (RJR) , 77 = (R/R1),
X=(RopjR1), ()=(k'jR), (=(k'jR1), 2=(RJr),.
V=(R/r).

The expression for wall shear stress Tw can be
obtained by evaluating TN at r = R and is given below.

-((n -1)j2(n +1))({1- (n+1}

+((n _1)2 /2n)(2{1- (n}

-((n _1)2 /2n(n +2))(2{1_ (2n}

-(3(n 2 + 2n - 2 )/2(n -1)(n + 2)(n + 3) )(n+3 X

{1- ("-I}

+(3(n-1)(n2 + 2n - 2)/2(n- 2)(n+ 2)(n+ 3)) X

(24)
("+4{1_("-2}]

+2[q(z)f(t)R,T BR,3iogQx

[(nj2(n+3)) - (n( n-i)j2(n+ 2)) (

- (3(n2+2n - 2)/2(n+2)(n+3)) (n+3 ]

-n[q(z)f(t)R,r BR,R2{I-Q2}X

[(I/2(n +1) ){1- V/n+,} - ((n -1)/2n)({1- V/n}]

-2n[q(z)f(t)R,r-' BR,3 X

[(n/2(n +1)2 ){1- V,n+'}

-((n -1)j2(n +1))({1-lfFn}

-(n/2(n +1)2 (n +3)){l_1fF2n+2}

+((n-l)( 2n2+6n +3)/(n +1)(n +2)(n +3)(2n +1)) X

( {1_1fF2n+1}

-( (n -1 )j2(n +1))({1-1fF"+1}

+((n _1)2 /2n )(2{1_lfFn}

-( (n _1)2 /2n(n + 2) )(2{1_1fF2n }

-(3(n2 + 2n - 2 )/2(n -1)(n + 2)(n + 3))X
("+3 {1- V/"-l}

+(3(n -1)( n2 +2n - 2)/2(n -2)(n +2)(n +3))X

("+4{1-\1/"-2}]

Tw= (TON + aN
2T1N )r=R = Tow + aN

2T1w
=[q(z)f(t)R]

+a/{-(lj8)q( z)f(t)BR3[1- Q4]}

+aN
2{-([q(z) f(t )R,T /2(n+ 2)(n + 3) )BR,2QX

[n(n + 2)- n(n-1)(n +3)(

-3(n2+2n-2)(n+3J

(25)

u,p =-2q(z)f(t)BR3R,X

[(3/32)77 - (l/8)Q +(l/32)Q3 +(l/8)Q3iogQ]

+2[q(z)f(t)R,T BR,3iogQx

[(nj2(n +3)) - (n(n -1)j2(n + 2))(

-(3(n2+2n - 2)/2(n+2)(n+3)) (n+3 ]

-n[q(z )f(t)R1r BR1R
2{I-Q2} X

[(1/2(n +1) ){1- ("+l} - ((n -1)/2n)({1- ("}]

-2n[q(z )f(t)R,r-' X

BR,3 [(n/2(n+1)2 ){1- (n+1}

-((n-l)j2(n +1))({1- (n}

-(n/2(n +1)2 (n +3)){1- (2n+2}

+((n-l)( 2n2+6n +3)/(n +1)(n +2)(n +3)(2n +1)) X

({1- (2n+1}

From Eq. (9), (16)-(18) and (22)-(24), the volume
flow rate is calculated and is given by

Rap Rj

Q=4 f (Uop+~ulP)rdr+4 f (u(
o Rap

R

+4f(UON + aJ,U1N )rdr
R]

=4q(z )f(t)R4 {1- Q2}[(2 + (l/4){1- Q2}]

+4 ([q (z) f (t) R1rR; /(n+ 2) (n + 3))

[(n + 2) - n(n+ 3) ( + (n2 + 2n - 2) ("+3 ]

+4a/[-q(z)f(t)BR3R,3X

{(3/32)77 - (l/8)Q+ (1/32)Q3 +(1/8 )Q3iogQ}

+[q(z)f(t)R,T B R/iogQx

{(nj2(n+3)) - (n( n-1)j2(n+ 2)) (

-(3(n2+2n-2)/2(n +2)(n +3) )(n+3}
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Using the Taylor's series of TOH and TIH about Rap

and using TOH IFROp = 8, we get

Using the Eqs. (15), (20) and (28) in the pertur­
bation series expansion of Rp ,the expression for plug
core radius can be obtained as

(29)

(30)

+(nBa~R~/2(n+ 1))[q(z)f(t)R1r
1
x

{( _( (n 2 -l)/n)(2 _C+ 2
}

A=[q(Z)f(t)J/Q

The resistance to flow in the artery is given by

The objective of the present model is to understand
and bring out the salient features of the effects of the
pulsatility of the flow, non-Newtonian nature of blood,
peripheral layer and stenosis size on various flow
quantities in a blood flow through a stenosed artery
when blood is represented by a two-fluid model with
a core region of suspension of red cells represented by
the Herschel-Bulkley fluid and a peripheral layer of
plasma assumed as the Newtonian fluid. Some flow
quantities of the single fluid model, which is obtained
as a deduction from the present study, are compared
with Sankar and Hemalatha (2006).

It is observed that the typical value of the power
law index n for blood flow models is taken to lie
between 0.9 and 1.1 and we have used the typical
value of n to be 0.95 for n < 1 and 1.05 for n > 1
(Sankar and Hemalatha, 2006). Since, the value of
yield stress is 0.04 dyne/cm2 for blood at a haema­
tocrit of 40 (Merrill, 1969). In diseased state, the
value of yield stress is quite high (almost five times)
(Chaturani and Ponnalagar Samy, 1985). The range
0.1 to 0.3 is used for the non-dimensional yield stress
8 in this study. To compare the present results with
the earlier results, we have used the yield stress value
as 0.01 and 0.04. Though the range of the amplitude
A is from 0 to 1, we use the range from 0.1 to 0.5 to
pronounce its effect.

The ratio a(=atlaH) between the pulsatile Rey­
nolds numbers of the Newtonian fluid and Herschel­
Bulkley (H-B) fluid is called pulsatile Reynolds
number ratio. Though the pulsatile Reynolds number

4. Results and discussion

When R1 = R, the present model reduces to the
single fluid model (Herschel-Bulkley fluid model)
and in such case, the expressions obtained in the
present model for velocity UH, shear stress rH, wall
shear stress r;." flow rate Q and plug core radius Rp

are in good agreement with those of Sankar and
Hemalatha (2006).

(28)

(26)

(27)

-n[q(z)f(t)R,T B R2R,3{1_Q2}X

{(1/4(n +3)) - ((n -1)/4(n+2))(

+( (n 2 +n - 5)j4(n +2)( n +3))("+3}

-n[q(z )f(t)R1r-
1
BR1

5 {(n/2(n +2)(n +3))

-(n(n -1)(4n 2 +12n +5)/(n +2)(n +3)X

(2n +1) (2n + 3))(

+(n(n-12 )/2(n +l)(n +2))(2
+((n3-2n2-lIn +6)/2(n + l)(n +2)(n +3) )(n+3

-((n -1)(n3
- 2n211n +6)/2n(n +2)(n +3) )C+4

-((4n5 +14n4 -8n3 -45n2 -3n+18)1

2n (n +1)(n +2) (n +3) (2n +3))(2n+4} ]

+4aN
2

[ -q(z)f(t)BR'R,

{(1/24)lJ - (3/32)£1+ (5/96)£1'

-(1/8)£13 (logR,)(l- £12)}
-[q(z)f(t)R,J BR2R,'{1- Q2} (l + 210gR,)x

{(n/4(n +3))- (n (n -1)/4(n +2))(

-(3(n2 +2n - 2)/4(n +2)(n +3))C+3
}

The second approximation to plug core radius RIp

can be obtained by neglecting the terms with £~ and
higher powers of £ H in the perturbation series
expansion of Rp in the following manner. The shear
stress r H = rOH +a/r1H at r = Rp is given by
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ratio a ranges from 0 to 1, it is appropriate to assume
its value as 0.5 (Srivastava and Saxena, 1994).
Though the pulsatile Reynolds number UH of the
Herschel-Bulkley fluid ranges from 0 to 1 (Sankar
and Hernalatha, 2006), the values 0.5 and 0.25 are
used to analyze its effect on the flow quantities. The
value of the ratio fJ of central core radius fJRo to the
normal artery radius~ in the unobstructed artery is
generally taken as 0.95 (Srivastava and Saxena, 1994).
Following Shukla et al. (1980a), relations R, = fJR and
4, =fJ4, are used to estimate R, and 4,. The maximum
thickness of the stenosis in the peripheral region gp

is taken in the range 0.1 to 0.15 (Srivastava and
Saxena, 1994). But, to compare the present results
with those of Sankar and Hernalatha (2006) for single
fluid model, value 0.2 is used for 4,. When fJ= 1, the
present model reduced to single fluid model (New­
tonian fluid model or Herschel-Bulkley fluid model).

It is observed that in Eq. (65), j(t), R and e are
known and Q and q(z) are the unknowns to be
determined. A careful analysis of Eq. (65) reveals the
fact that q(z) is the pressure gradient of the steady
flow. Thus, if steady flow is assumed, then Eq. (65)
can be solved for q(z) (Chaturani and Ponnalagar
Samy, 1986; Sankar and Hemalatha, 2006). For
steady flow, Eq. (65) reduces to

(R 2
- Rn[482172 + (R 2

- Rn]yJ

+[4j(n+2)(n+3)Jx

[(n +2)(l\yrJ- n(n +3)8(R,Yr
2

(31)

+(n 2 +2n-2)8n
+
J]-Qs/ =0

where y = q(z) and Qs is the steady state flow rate. Eq.
(31) can be solved for x numerically for a given value
of n, Qs and e. Eq. (31) has been solved numerically
for x using Newton-Raphson method with variation in
the axial direction and yield stress with fJ = 0.95 and
4, =0.1. Throughout the analysis, the steady flow rate
Qsvalue is taken as 1.O.

4.1 Pressure gradient

The values of the pressure gradient q(z) for the two
fluid model for different values of the axial distance z
and yield stress 8 with n = 0.95 and n = 1.05 are
given in Tables 1 and 2 respectively. We have
assumed that the stenotic region is located between z
= 4 and z = 6 and is of length 2. Since, the values of

Table 1. Variation of pressure gradient with axial distance
with with n = fJ= 0.95 and Qp ~ 0.1.

X 0.01 0.05 0.1 0.3

4 1.2233 1.2782 1.3442 1.5783

4.1 1.2358 1.2909 1.357 1.5916

4.2 1.2731 1.3286 1.3952 1.6311

4.3 1.334 1.3901 1.4574 1.6955

4.4 1.416 1.4728 1.5411 1.782

4.5 1.5143 1.572 1.6413 1.8854

4.6 1.6211 1.6798 1.7502 1.9975

4.7 1.7257 1.7852 1.8566 2.1069

4.8 1.8146 1.8749 1.947 2.1998

4.9 1.8748 1.9355 2.0082 2.2624

5 1.8961 1.957 2.0298 2.2846

Table 2. Variation of pressure gradient with axial distance
with n = 1.05, op = 0.1 and fJ~ 0.95.

~ 0.01 0.05 0.1 0.3

4 1.236 1.2908 1.3572 1.5979

4.1 1.2478 1.3027 1.3692 1.6104

4.2 1.2827 1.338 1.4049 1.6476

4.3 1.3395 1.3954 1.4631 1.7081

4.4 1.4157 1.4724 1.541 1.781

4.5 1.5067 1.5643 1.6339 1.8853

4.6 1.6051 1.6636 1.7343 1.9892

4.7 1.7009 1.7603 1.832 2.0901

4.8 1.7821 1.8422 1.9147 2.1754

4.9 1.8368 1.8973 1.9704 2.2328

5 1.8561 1.9168 1.9901 2.2531

the pressure gradient q(z) are symmetric about z = 5 ,
the middle of the stenosis, the values are tabulated
only between z = 4 and z = 5. It is clearer that the
pressure gradient increases for increasing values of
the yield stress ofor a given value of R. From Tables
1 and 2, it has been observed that the pressure
gradient q(z) values are higher when n = 1.05 than the
one for n = 0.95 from z = 4 to z = 4.3, whereas from
z = 4.3 to z =5 the behavior is reversed. The values of
the pressure gradient for the single fluid model (when
fJ = 1) with n = 0.95 are in good agreement with the
values in Table 1 of Sankar and Hernalatha (2006). In
the case of single-fluid model of Herschel-Bulkley
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Axial distance z

Axail distance z

The variation of plug core radius (Rp) with axial
distance for different values of the amplitude A,
stenosis thickness 4" yield stress e and pulsatile
Reynolds number of the Herschel-Bulkley (H-B)
fluid aH with n = fJ = 0.95, and t = 60° is shown in
Fig. 2. It is noted that the plug core radius decreases
as the axial variable z varies from 4 to 5 and it
increases as z varies from 5 to 6. It is further observed
that for the given values of op, e, and C4i , the plug
core radius decreases with the increase of the
amplitude A and the same behavior is noted as the
peripheral layer stenosis thickness or pulsatile
Reynolds number aH of the Herschel-Bulkley fluid
increases when the other parameters held constant.
Further, it is noticed that the plug core radius
increases with the increase of the yield stress e
while the other parameters are kept as invariables. It
is of interest to observe that the plug core radius for
the single-phase Herschel-Bulkley fluid model is in
good agreement with Fig. 4 of Sankar and Hemalatha
(2006), Further, it is noticed that the plug core radius
for the two-phase Herschel-Bulkley fluid model is
lower than that of the single-phase Herschel-Bulkley
fluid model when the axial variable z lies between 4
and 4.5 and also between 5.5 and 6. The behavior is
reversed when the axial variable z lies between 4.5
and 5.5, It is also found that the width of the plug core
region is smaller for the two-phase model than that of
the single-phase model. Figure 4 depicts the effects of
stenosis height, pulsatilty and amplitude of the flow
on the plug core radius of the blood vessels,

4.3 UilU shear stress

analysis of the other flow quantities.

4.2 Plug core radius
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Fig, 3. Variation of wall shear stress with axial distance for
different values eand aNwith t = 45°, n = fJ = 0.95, A ~ 0.5
and <5p = 0.1.

Fig. 2. Variation of plug core radius with axial direction for
different values of A, UH, 8 and o.,with n = 13 = 0.95.

Fig. 4. Velocity distribution at different locations of the ste­
nosis with n = 13 ~ 0.95, U = UH = 0,5, 8 = 0., = 0.1, A ~ 0.5
and t = 45°.

fluid with 0" = 0.2 (Sankar and Hemalatha, 2006), the
pressure gradient q(z) values are higher when n = 1.05
than the one for n = 0.95 from z = 4 to z = 4.5,
whereas from z = 4.5 to z = 5 the behavior is
reversed. It is of interest to note that the above change
in the pressure gradient in the axial direction occurred
due to the presence of the peripheral layer. Since,
there is only a slight difference in the values of the
pressure gradient for n = 0.95 and n = 1.05, we often
use the value 0.95 for the power law index n in the

The variation of wall shear stress in the axial
direction for different values of yield stress e and
pulsatile Reynolds number aN of the Newtonian fluid
with t = 45°, n = fJ = 0.95, A = 0.5 and 4, = 0.1 is
plotted in Fig. 3. It is found that the wall shear stress
increases as the axial variable z increases from 4 to 5
and then it decreases symmetrically as z increases
further from 5 to 6. For a given value of the pulsatile
Reynolds number ON, the wall shear stress increases
considerably with the increase in the values of the
yield stress ewhen the other parameters held constant.
Also, it is noticed that for a given value of the yield
stress e and increasing values of the pulsatile
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e = 0 1, P= 0.95, lip = 0.15
Reynolds number aN, the wall shear stress decreases
slightly while the other parameters are kept as
invariables. It is of interest to note that the plot for the
single-phase Herschel-Bulkley fluid model is in good
agreement with Fig. 8 of Sankar and Hemalatha
(2006). Further, it is found that the wall shear for the
two-phase Herschel-Bulkley fluid model is higher
than those of the single-phase Herschel-Bulkley fluid
model when the axial variable z lies between 4 and
4.5 and also between 5.5 and 6, and, the behaviour is
reversed when the axial variable z lies between 4.5
and 5.5. Figure 3 shows the effects of pulsatility of
the blood flow and non-Newtonian effects of the
blood on the wall shear stress of the two-fluid model.

4.4 Velocity distribution

The velocity distributions in the radial direction at
different locations of the stenosis with n = ~ =0.95, a
= aH = 0.5, A = 0.5, e = 4, = 0.1 and t = 45° are
shown in Fig. 4. One can easily notice the plug flow
around the tube axis in Fig. 8. Also, it is found that
the velocity increases with the increases with the axial
distance from z = 4 to z = 6 (in the stenosed region).It
is noted that the velocity is maximum at the middle of
the stenosis and minimum at the unobstructed posi­
tion of the tube (z = 4) and the behavior is reversed
from z = 5 to z = 6. This figure shows the effects of
stenosis on the velocity of the two-fluid model.

4.5 Resistance to flow

The variation of resistance to flow in a time cycle
for different values of 8, Or and ~ with n =0.95, a =a
= 0.25 and A = 0.2 is sketched in Fig. 5. It is found
that the resistance to flow decreases as time t (in
degrees) increases from 0° to 90° and then it increases
as t increases from 90° to 270° and then again it
decreases as t increases further from 270° to 3600

The resistance to flow is minimum at 90° and
maximum at 2700 Further, it is noticed that for the
fixed values of ~ and with the increasing values of the
stenosis thickness opor yield stress 8, the resistance to
flow increases significantly. It is observed that for the
fixed values of 8 and op and, with the increasing
values of the ratio ~ (ratio between the central core
radius to the normal artery radius), the resistance to
flow decreases considerably. It means that the
resistance to flow decreases significantly with the
increase of the cell-free peripheral layer thickness.
This figure depicts the effects of stenosis, peripheral

39.,..------------------,

< 3.8

~ 3.7 e=01,p=0985,8p=0.1

iI~ "L;iOO~;:~~':~~'__ '_~'~
3.2 +-......--,..---..,r--.......................-.....-......-.-......-..---I

o 30 60 90 120 150 180 210 240 270 300 330 360

Time to

Fig. 5. Variation of resistance to flow in a time cycle for
different values of pand Or with n = 0.95, (J. = (J.H = 0.25 and
A=0.2.

Table 3. Magnitudes of the wall shear stress (Tw ) and
resistance to flow (A) for two-fluid model and single-fluid
for different stenosis sizes with n = 0.95, a = aH= 0.5, fJ =
0.99, A = 0.5, e= 0.1 and t ~ 45°.

Stenosi, Two-fluid model Single-fluid model

size( 0» 1;" A 1;" A

0.025 1.677 4.85638 1.7392 4.91482

0.05 1.8058 5.11049 2.0313 5.48383

0.075 1.9495 5.39174 2.3993 6.19112

0.1 2.1102 5.70411 2.8696 7.08467

0.125 2.2907 6.05234 3.4798 8.23424

0.15 2.4939 6.44208 4.2856 9.74395

Table 4. Percentage of increase in the wall shear
stress (Tw ) and resistance to flow (A) for two-fluid model
and single-fluid over uniform diameter tube for differ- ent
stenosis sizes with n = 0.95, a~ aH= 0.5, /1= 0.99, A = 0.5, B
= 0.1 and t = 45°.

Stenosis Two-fluid model Single-fluid model

size( Op) 1;" A 1;, A

0.025 7.41 4.98 15.59 10.44

0.05 15.66 10.47 35 23.22

0.075 24.86 16.55 59.45 39.12

0.1 35.16 23.31 90.71 59.19

0.125 46.72 30.83 131.26 85.02

0.15 59.73 39.26 184.81 118.95

layer thickness and yield stress on resistance to flow
of the two-phase model of blood flow.

The wall shear stress (1;.) and resistance to flow (A)
are physiologically important flow quantities which
play an important role in the formation of platelets
(Karino and Goldsmith, 1977). High wall shear stress
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not only damage the vessel wall and cause intimal
thickening, but also activate platelets, cause platelet
aggregation, and finally results in the formation of
thrombus (Liu et aI., 2004). The magnitudes of the
wall shear stress (1;v) and resistance to flow for the
two-fluid and single-fluid Herschel-Bulkley fluid
models for different stenosis sizes with n = 0.95, 13 =

0.99, A = 0.5, a = aH = 0.5, 8 = 0.1 and t = 45° are
given in Table 3. It is found that the wall shear stress
and resistance to flow for the two-fluid model is
considerably less than that of the single-fluid model.
The percentage of increase in the wall shear stress and
resistance to flow for the two-fluid model and single
fluid model over the uniform diameter tube(without
stenosis) for different stenosis sizes with n = 0.95, 13=
0.99, A = 0.5, a= aH = 0.5,8= 0.1 and t = 45° is
given in Table 5. From Table 4, one can expect a
marked increase in the flow of the two-fluid model,
since, the percentage of increase in the resistance to
flow and wall shear stress is considerably very low
for the two-fluid model than that of the single-fluid
model.

plug core region (which certainly exist in the case of
non-Newtonian fluid flow in smaller diameter
arteries), it is strongly felt that the present model may
provide a better insight to the study of blood flow
behavior in the stenosed arteries than the earlier
models. Hence, the modeling of the blood flow
through stenosed narrow arteries by a single-fluid
model could not be appropriate. Also, the inaccurate
predictions regarding the blood flow analysis may
lead to wrong calculations. In view of these argu­
ments, the present study could be useful for analyzing
the blood flow in the diseased state. From this study,
it is clear that the presence of the peripheral layer
helps in the functioning of the diseased arterial
system.
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5. Conclusions

The results based on the perturbation analysis and
the subsequent numerical evaluations indicate that the
plug core radius and resistance to flow increase as the
stenosis size 4 increases while all other parameters
held constant. It is found that the plug core radius
decreases as the amplitude A increases when all other
parameters held constant. The wall shear stress
increases with the increase of yield stress while
keeping the other parameters as invariables. It is
observed that the velocity increases with the axial
distance in the stenosed region of the tube upto the
maximum projection of the stenosis (i.e. from z = 4 to
z = 5) and the behavior is reversed if the height of the
stenosis decreases (from z = 5 to z = 6). Thus, the
results demonstrate that this model is capable of
predicting the hydrodynamic features most interesting
to physiologists. It is noted that the effects of the
peripheral layer increases with the decrease of the
blood vessel diameter in the two-fluid models. The
two-fluid model analysis is better applied to vessels
with diameter less than 0.2 mm where the non­
Newtonian effects are expected to be significant
(Srivastava, 1996).

Since, this study takes care of the pulsatility of the
flow and also it incorporates the characteristics of the

r
z
z

n

p
p

Q
Q
Ro
R(z)

R(z)

Radial distance
Dimensionless radial distance
Axial distance
Dimensionless axial distance
Power law index
Pressure
Dimensionless pressure
Flow rate
Dimensionless flow rate
Radius of the normal artery
Radius of the artery in the stenosed

peripheral region
: Dimensionless radius of the artery in the
stenosed peripheral region
: Radius of the artery in the stenosed core
regIOn
: Dimensionless radius of the artery in the
stenosed core region

Plug core radius
: Dimensionless plug core radius
: Axial velocity of the Herschel-Bulkley
fluid
: Dimensionless axial velocity of the
Herschel-Bulkley fluid
: Axial velocity of the Newtonian fluid
: Dimensionless axial velocity of the
Newtonian fluid



688 D. S. Sankar and Usik Lee!Journal ofMechanical Science and Technology 21(2007) 678-689

A AJnplimdeofilieflow
q(z) Steady state pressure gradient
q(z) Dimensionless steady state pressure

gradient
qo : Negative of ilie pressure gradient in ilie

nonnal artery
[ Lengili of ilie normal artery
[0 Lengili of ilie stenosis
~o Dimensionless lengili of ilie stenosis
d Location of ilie stenosis
d Dimensionless location of ilie stenosis
t Time
t Dimensionless time

Greek letters

~p Dimensionless Pressure drop
A Dimensionless resistance to flow
¢ Azimuilial angle
r Shear rate
T'y Yield stress
e Dimensionless yield stress
T'H Shear stress for ilie Herschel-Bulkley fluid
1:H Dimensionless shear stress for the

Herschel-Bulkley fluid
T'N Shear stress for ilie Newtonian fluid
1:N Dimensionless shear stress for the

Newtonian fluid
1:w Dimensionless wall shear stress
PH Density of ilie Herschel-Bulkley fluid
PN Density of ilie Newtonian fluid
liH Viscosity of ilie Herschel-Bulkley fluid
liN Viscosity ofilie Newtonian fluid
aH Pulsatile Reynolds number of the

Herschel-Bulkley fluid
aN Pulsatile Reynolds number of the

Newtonian fluid
a Ratio between the Reynolds nlUllbers aH

and aN
fJ Ratio of the central core radius to the

nonnal artery radius
8e Maximum height of ilie stenosis in ilie

core regIOn
be Dimensionless maximum height of ilie

stenosis in ilie core region
8N Maximum height of ilie stenosis in ilie

peripheral region
bp Dimensionless maximum height of the

stenosis in the peripheral region
(i) Angular frequency of ilie blood flow

Subscripts

w Wall shear stress (used for't)
C Core region (used for 8, b)
P Peripheral region (used for 8, b)
H Herschel-Bulkley fluid (used for ii, II, T', 1:)
N Newtonian fluid (used for ii, II, T', 1:)
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